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This paper describes the Adaptive Steepest Descent (ASD) and Optimal Fletcher-Reeves (OFR) algorithms for linear
neural network training. The algorithms are applied to well-known pattern classification and function approximation
problems, belonging to benchmark collection Proben1. The paper discusses the convergence behavior and
performance of the ASD and OFR training algorithms by computer simulations and compares the results with
those produced by linear-RPROP method.
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1 INTRODUCTION

Linear feedforward neural network architectures have been proved capable of solving sys-

tems of linear equations [2, 5–7, 14, 15], and pattern classification problems [8]. Most of

these applications use LMS and Batch-LMS training [4, 17, 18], and require a selection

of appropriate parameters by the user, executed with a trial-and-error process. In real

world problems, it is essential to consider learning methods with a good average perfor-

mance. This paper describes some methods that have been shown to accelerate the conver-

gence of the learning phase, and that do not require the choice of critical parameters, like the

learning rate or the momentum. A simple two-layer feedforward neural network with linear

neuron functions is studied. Batch-LMS training is extended to implement steepest descent

algorithms, like the Adaptive Steepest Descent (ASD) and the Optimal Fletcher-Reeves

(OFR) algorithm. The performance of these algorithms is compared to linear-RPROP

training [9], a technique for optimizing the backpropagation training [10, 11], which uses

ISSN 0020-7160 print; ISSN 1029-0265 online # 2002 Taylor & Francis Ltd
DOI: 10.1080=0020716021000030684
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a fixed update size not influenced by the magnitude of the gradient. Instead, only the sign of

the derivative is used to find the proper update direction. Those three methods are applied to

well-known benchmarks from the Proben1 collection. Proben1 contains data from the UCI

repository of machine learning databases for 9 pattern classification problems and 3 function

approximation problems. The 9 pattern classification problems are the following: cancer (a

dataset for diagnosis of breast cancer, originally obtained from the University of Wisconsin

Hospital, Madison, from Dr. William H. Wolberg), card (a dataset for approval or non-ap-

proval of a credit card to a customer), diabetes (a dataset for diagnosis of diabetes of Pima

Indians), gene (a dataset for detection of intron/exon boundaries in nucleotide sequences),

glass (a dataset for classification of glass types), heart (a dataset for heart disease predic-

tion), horse (a dataset for prediction of the fate of a horse that has a colic), soybean (a da-

taset for recognition of 19 diseases of soybeans), and thyroid (a dataset for diagnosis of

thyroid hyper- or hypofunction). The 3 function approximation problems are the following:

building (a dataset for prediction of energy consumption in a building), flare (a dataset for

prediction of sonar flares), and hearta (the analogue version of the heart disease diagnosis

problem). All the datasets are partitioned into training, validation, and test set, while the size

of the training, validation, and test set data files is 50%, 25%, and 25% respectively. Since

results may vary for different partitionings, Proben1 contains three different permutations of

each dataset. For instance, the problem cancer is available in three datasets cancer1, can-

cer2, and cancer3, which differ only in the ordering of the patterns. Validation set is

used as a pseudo test set in order to evaluate the quality of the network during training, a

method called cross-validation, which avoids overfitting, a problem created when many

training examples are available causing the loss of much of the regularities needed for

good generalization [13]. The method used for cross-validation is early stopping

[1, 12, 16], where training proceeds until a minimum of the error on validation set (and

not the training set) is reached.

The formulation of the above problems is as follows: Given a set of input patterns

xi ¼ ½xi
1; xi

2; . . . ; xi
n�

T and the targets di ¼ ½di
1; di

2; . . . ; di
p�

T; i ¼ 1; 2; . . . ;m the task is to

find a set of weights W 2 <n�p that provides the best fit between the input/output pairs

ðxi; diÞ; i ¼ 1; 2; . . . ;m. A simple linear architecture for the above mapping is a hetero-asso-

ciative two-layer feedforward neural network, with n inputs and p output neurons shown in

Figure 1. The m patterns are presented to the input layer in a cyclical fashion and an output

FIGURE 1 Linear neural network for classification and function approximation problems.

1150 K. GOULIANAS et al.
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yi ¼ ½ yi
1; yi

2; . . . ; yi
p�

T is generated. The goal is to minimize the mean square error, or the cost

function

EðW Þ ¼
Xp

j¼1

Eðw jÞ ¼
1

2

Xp

j¼1

Xm

i¼1

ðdi
j 	 yi

jÞ
2
¼

1

2

Xm

i¼1

Xp

j¼1

di
j 	

Xn

k¼1

xi
kw

j
k

 !2

¼
1

2
X TW 	 D
�� ��2

ð1Þ

With X ¼ ½x1; x2; . . . ; xm�, and D ¼ ½d1; d2; . . . ; dm�;w j the weight vector of the jth output

neuron, and E(w j) its cost function. Using a general gradient approach, any minimum of the

cost function in Eq. (1) must satisfy HEðW Þ ¼ X ðX TW 	 DÞ ¼ 0, which can be rewritten as

XX TW ¼ XD ð2Þ

or the equivalent system BW ¼ C with B ¼ XX T;B 2 <n�n and C ¼ XD;C 2 <n. Equation

(2) consists of p systems of normal equations, with B ¼ XX T positive definite and symmetric.

The solution of systems (2) for a non-singular matrix X T with m 
 n, gives the unique least

mean square solution W ¼ XþD with Xþ ¼ ðXX TÞ
	1X the Moore-Penrose generalized

inverse [3].

The cost functions E(w j) defined in (1) are quadratic in the weights w j and for m 
 n they

define convex hyper-paraboloidal surfaces with a single minimum, the global minimum, the

solutions of Eq. (2), which are unique, since the Hessian matrix of E(w j) at

w j;H2Eðw jÞ ¼ XX T is positive definite.

Since the mean squared error defined in (1) depends on the number of output coefficients,

and on the range of the output values used, Prechelt [8] suggests the use of the squared error

percentage, a normalization of these factors, as follows:

EðW Þ ¼
Xp

j¼1

E w j
� �

¼ 100 �
ðomax 	 ominÞ

m � p

Xp

j¼1

Xm

i¼1

di
j 	 yi

j

� �2

ð3Þ

with omin and omax to be the minimum and maximum value of output coefficients, p the num-

ber of output nodes, and m the number of patterns in the dataset.

The material is organized as follows. In Section 2 we simulate the ASD and OFR

algorithm with the above architecture and discuss convergence issues for obtaining estimates

of the optimal solution. In Section 3, we compare the performance of the ASD and OFR

training algorithm with linear-RPROP in the solution of the pattern classification and

function approximation benchmarking problems. Finally, in Section 4, we draw some final

conclusions.

2 ASD AND OFR METHODS FOR LINEAR NEURAL NETWORK TRAINING

With zero or random in [	0:01, 0.01] initial weights w
j
k; j ¼ 1; 2; . . . ; p; k ¼ 1; 2; . . . ; n the

train set patterns xi ¼ ½xi
1; xi

2; . . . ; xi
n�

T; i ¼ 1; 2; . . . ;m are presented to the network in a

NEURAL NET TRAINING 1151
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cyclical fashion. Thus, with the presentation of the ith pattern, the outputs y
ðtþ1;iÞ
j ;

j ¼ 1; 2; . . . ; p; will be

y
ðtþ1;iÞ
j ¼ wðt;jÞxi ¼

Xn

k¼1

w
ðt;jÞ
k xi

k ð4Þ

with ðt þ 1; iÞ the step i of the training cycle t þ 1. Delta Rule is applied, and the discrepancy

between desired and calculated output di
j and y

ðtþ1;iÞ
j , for every pattern i, i ¼ 1; 2; . . . ;m and

output neuron j, j ¼ 1; 2; . . . ; p is

eðtþ1;iÞ
j ¼ di

j 	 y
ðtþ1;iÞ
j ð5Þ

We define the batch error dðtþ1Þ
k for every input neuron k, k ¼ 1; 2; . . . ; n to be

dðtþ1Þ
k ¼

Xm

i¼1

eðtþ1;iÞ
j xi

k ¼
Xm

i¼1

di
j 	 y

ðtþ1;iÞ
j

� �
xi

k ð6Þ

or in a matrix-vector form

dðtþ1Þ
¼
Xm

i¼1

eðtþ1;iÞ
j xi ¼

Xm

i¼1

di
j 	 y

ðtþ1;iÞ
j

� �
xi ð7Þ

and the adaptive learning rate aðtþ1Þ
k as

aðtþ1Þ
k ¼

dðtþ1Þ
k dðtþ1Þ

k

dðtþ1Þ
k X TXdðtþ1Þ

k

ð8Þ

2.1 The Adaptive Steepest Descent (ASD) Method

The connection update after the presentation of all the training set patterns xi; i ¼ 1; 2; . . . ;m

at training cycle t þ 1, could have the form

w
ðtþ1;jÞ
k ¼ w

ðt;jÞ
k þ aðtþ1Þ

k

Xm

i¼1

ðdi
j 	 y

ðtþ1;iÞ
j Þxi

k

¼ w
ðt;jÞ
k þ

dðtþ1Þdðtþ1Þ

dðtþ1ÞX TXdðtþ1Þ

Xm

i¼1

di
j 	

Xn

q¼1

wðt;jÞ
q xi

q

 !
xi

k

¼ w
ðt;jÞ
k þ

dðtþ1Þdðtþ1Þ

dðtþ1ÞCdðtþ1Þ

Xm

i¼1

ci
k 	

Xn

q¼1

wðt;jÞ
q bi

q

 !
ð9Þ

with k ¼ 1; 2; . . . ; n and bk
q; ci

k the corresponding elements of B and C, as defined in (2).

The operation of the ANN in Figure 1 using ASD method with the adaptive learning

rate aðtþ1Þ
k defined in (2) simulates the Adaptive Steepest Descent Method. Proof can be

found in [2].

1152 K. GOULIANAS et al.
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2.2 The Optimal Fletcher-Reeves (OFR) Method

We define bðtþ1Þ to be

bðtþ1Þ
¼

dðtþ1Þdðtþ1Þ

dðtÞdðtÞ
ð10Þ

and the connection update after the presentation of all the training set patterns

xi; i ¼ 1; 2; . . . ;m at training cycle t þ 1, has the form

w
ðtþ1;jÞ
k ¼ w

ðt;jÞ
k þ aðtþ1Þ

k

Xm

i¼1

di
j 	 y

ðtþ1;iÞ
j

� �
xi

k þ bðtþ1ÞDw
ðt;jÞ
k

¼ w
ðt;jÞ
k 	

dðtþ1Þdðtþ1Þ

dðtÞCdðtÞ
Xm

i¼1

di
j 	

Xn

q¼1

wðt;jÞ
q xi

q

 !
xi þ

dðtþ1Þdðtþ1Þ

dðtÞdðtÞ
Dw

ðt;jÞ
k

¼ w
ðt;jÞ
k þ

dðtþ1Þdðtþ1Þ

dðtþ1ÞCdðtþ1Þ

Xm

i¼1

ci
k 	

Xn

q¼1

wðt;jÞ
q bi

q

 !
þ
dðtþ1Þdðtþ1Þ

dðtÞdðtÞ
Dw

ðt;jÞ
k ð11Þ

with k ¼ 1; 2; . . . ; n and bk
q; ci

k the corresponding elements of B and C, as defined in (2). The

operation of the ANN in Figure 1 using OFR method with the adaptive learning rate aðtþ1Þ
k

defined in (2) simulates the Optimal Fletcher-Reeves Method.

3 EXPERIMENTAL STUDY

In order to check the performance and the convergence behavior of the proposed algorithm

the benchmark problems used were taken from the Proben1 benchmark set, with the standard

Proben1 benchmarking rules. The error measures reported include: the training set error

(mean and standard deviation of minimum squared error percentage on training set, reached

at any time during training), validation set error (mean and standard deviation of minimum

squared error percentage on validation set, reached at any time during training), test set error

(mean and standard deviation of minimum squared error percentage on test set, at point of

minimum validation set error), and the test set classification error (i.e. the percentage of in-

correctly classified examples). For the classification problems, winner-takes-all method was

used to determine the classification, i.e. the output with the highest activation designates the

class, while in approximation problems, a threshold of 0.3 was used in the output, and the

network accepts an output as 0, if it is below 0.3, and as 1, if it is above 0.7. In order to

measure the training time, we also report the number of epochs used, the number of relative

epochs, i.e. the epochs needed to reach the minimum validation error, and the connection

traversals. One stopping criterion is the loss of generality. The generalization loss at epoch

t is defined as the relative increase of the validation squared error percentage over the mini-

mum so far in percent

GLðtÞ ¼ 100 �
EvaðtÞ

min
t0�t

Evaðt0Þ
	 1

0
@

1
A ð12Þ

NEURAL NET TRAINING 1153
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and the algorithm stops as the generalization loss exceeds a threshold a ¼ 5. Another stop-

ping criterion is the training progress, defined in terms of a training strip. A training strip of

length k is a sequence of k epochs, and the training progress is how much is the average train-

ing error during the strip larger than the minimum error during the strip

PkðtÞ ¼ 1000 �

P
t02k	kþ1���t Etrðt

0Þ

k � mint02k	kþ1���t Etrðt0Þ
	 1

� �
ð13Þ

Since training involves some kind of random generalization, in order to make reliable state-

ments about the performance of the three algorithms, we used 20 runs on each problem, for

each one of the three datasets. The data reported include the mean and standard deviation of

the above error and training measures for these 20 runs, along with generalization loss at end

of training.

The results of ASD and OFR training of the linear network in Figure 1 with the classifica-

tion and approximation problems, are compared to linear-RPROP, with the following

parameters used by Prechelt [8]: nþ ¼ 1:2; n	 ¼ 0:5; D0 2 0:005 � � � 0:02; Dmax ¼ 50;
Dmin ¼ 0, and initial weights randomly chosen in ½	0:01; 0:01�.

The first criterion checked is speed of convergence, i.e. the number of epochs required by

each algorithm to reach one of the three stopping criteria. In most problems, the best results

are achieved by OFR method, which outperforms the other two algorithms in 23 out of 30

datasets for the classification problems, and in 10 out of 12 datasets for the approximation

problems. Graphs 3.1 and 3.2 show the mean value of the epochs required by each algorithm

GRAPH 3.1 Mean value of iterations needed for convergence of classification problems (30 datasets).

GRAPH 3.2 Best run iterations needed for convergence of classification problems (30 datasets).

1154 K. GOULIANAS et al.
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for every dataset. OFR also requires the lowest number of relevant epochs, and connection

traversals. These results, are shown in Tables III.1 and III.2.

We also report some results of the above error and training measures of the 20 runs for

each of the three datasets of each problem, as it concerns the ‘‘best run’’, i.e. the one with

the lowest validation set error. These results of linear-RPROP, ASD and OFR training also

show that OFR outperforms all other algorithms in 19 out of 30 datasets in classification pro-

blems, and in 9 out of 12 datasets in approximation problems, while OFR needs the lowest

number of relevant epochs and connection traversals. Results, are shown in Graphs 3.3 and

3.4 and Tables III.3 and III.4.

The convergence behavior of the three algorithms, with respect to the test set classification

error during time, applied on the ‘‘best run’’, is shown in Graphs 3.5–3.18. It can be seen that

in most of the problems, the test set classification error for ASD and OFR methods decrease

rapidly, and reaches its minimum value.

The results shown on Tables III.1–III.4, and Graphs 3.1–3.18, show that real world problems

can be solved with linear neural networks, and training time for convergence can be acceler-

ated by using adaptive steepest descent methods, like ASD and OFR. Some of the problems are

very sensitive to overfitting, which suggests that using early stopping was very useful.

GRAPH 3.3 Mean value of iterations needed for convergence of approximation problems (12 datasets).

GRAPH 3.4 Best run iterations needed for convergence of approximation problems (12 datasets).
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GRAPHS 3.5, 3.6 Test set classification error for the best run of problems cancer1, card1.

TABLE III.4 Best Run Results for Approximation Problems.

Problem Method Epochs
Relevant
epochs

Connection
traversals

Training
set error

Validation
set error

Test
set error

Test set
classification

Generality
loss

Building1 RPROP 390 390 390 0.33 0.37 0.35 0.29 0.00
ASD 470 470 470 0.34 0.37 0.35 0.29 0.00
OFR 395 394 395 0.33 0.37 0.34 0.29 0.00

Building2 RPROP 360 357 360 0.33 0.37 0.35 0.29 0.06
ASD 475 475 475 0.34 0.37 0.35 0.29 0.00
OFR 480 475 480 0.33 0.37 0.34 0.29 0.00

Building3 RPROP 305 295 305 0.35 0.34 0.34 0.29 0.03
ASD 525 525 525 0.35 0.34 0.34 0.29 0.00
OFR 285 278 285 0.35 0.34 0.34 0.29 0.03

Flare1 RPROP 20 6 20 0.37 0.32 0.54 3.38 5.38
ASD 5 1 5 0.47 0.39 0.65 5.26 0.00
OFR 5 1 5 0.46 0.40 0.64 5.26 0.00

Flare2 RPROP 10 8 10 0.44 0.45 0.31 2.26 5.34
ASD 5 1 5 0.57 0.54 0.30 3.01 0.00
OFR 5 1 5 0.57 0.54 0.29 3.01 0.00

Flare3 RPROP 55 8 55 0.39 0.45 0.36 3.38 3.09
ASD 5 1 5 0.54 0.55 0.40 3.76 0.00
OFR 5 1 5 0.53 0.54 0.40 3.76 0.00

Hearta1 RPROP 40 10 40 3.94 4.26 4.60 12.17 8.67
ASD 220 6 220 3.84 4.34 4.69 11.30 2.96
OFR 75 6 75 3.82 4.34 4.68 11.30 3.67

Hearta2 RPROP 105 86 105 4.16 4.20 4.19 10.87 0.34
ASD 175 175 175 4.18 4.25 4.18 10.87 0.00
OFR 70 64 70 4.16 4.23 4.18 10.43 0.06

Hearta3 RPROP 95 57 95 4.06 4.07 4.56 11.30 1.06
ASD 140 139 140 4.08 4.11 4.58 12.17 0.04
OFR 50 48 50 4.06 4.06 4.52 11.30 0.02

Heartac1 RPROP 15 9 15 4.19 4.63 3.14 6.67 7.85
ASD 125 125 125 4.05 4.67 2.66 5.33 0.00
OFR 75 75 75 4.04 4.62 2.72 5.33 0.00

Heartac2 RPROP 10 7 10 3.74 4.49 4.28 6.67 11.97
ASD 5 2 5 3.90 4.59 4.11 9.33 16.32
OFR 5 2 5 3.89 4.64 4.09 9.33 15.91

Heartac3 RPROP 20 9 20 2.89 5.12 5.07 12.00 7.43
ASD 5 2 5 3.23 5.00 5.43 16.00 7.04
OFR 5 2 5 3.24 5.00 5.44 16.00 6.84
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GRAPHS 3.7, 3.8 Test set classification error for the best run of problems diabetes1, gene1.

GRAPHS 3.9, 3.10 Test set classification error for the best run of problems glass1, heart1.

GRAPHS 3.11, 3.12 Test set classification error for the best run of problems heartac1, horse1.
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4 CONCLUSIONS

In this paper we discussed a linear neural network design and implementation for solving

pattern classification and function approximation problems, taken by the Proben1 benchmark

collection. Batch-LMS neural network training rule is modified in order to lead to Adaptive

GRAPHS 3.13, 3.14 Test set classification error for the best run of problems soybean1, thyroid1.

GRAPHS 3.15, 3.16 Test set classification error for the best run of problems building1, flare1.

GRAPHS 3.17, 3.18 Test set classification error for the best run of problems hearta1, heartac1.
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Steepest Descent (ASD) and Optimal Fletcher-Reeves (OFR) methods. These methods have

been shown to accelerate the convergence of the learning phase, and they do not require the

choice of critical parameters, like the learning rate or the momentum. When these methods

are applied to real-world benchmarking problems, they produce adequate solutions, although

they use a linear neural network architecture. They guarantee fast network convergence, gen-

erating a Least Square Solution, and they have good convergence properties. An extension of

the presented architecture could be used, introducing multilayer networks with sigmoidal hid-

den nodes. Such an architecture has been tested by Prechelt [8], who used one-hidden and

two-hidden layer networks, with various numbers of hidden nodes, and linear-RPROP train-

ing. The results of these architectures for some problems were worse than those obtained

using linear networks, and the tendency to overfit was much higher than for linear networks,

which suggests that introducing non-linearity is not an improvement.
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